Using a special technique of data analysis, we have found out 34 grand minima of solar activity obtained from a 7,700 years long 14 C record. The method used rests on a proper ltering of the 14 C record and the extrapolation of veri able results for the later history back in time. Additionally, we use a method of nonlinear dynamics, the recurrence rate, to back up the results. Our ndings are not contradictory to the record of solar maxima resp. minima by Eddy 5], but constitute a considerable extension. Hence, it has become possible to look closer at the validity of models. This way, we have tested several models for solar activity, esp. the model of Barnes et al. 1]. There are hints for that the grand minima might solely be driven by the 209 year period found in the 14 C record.
Introduction
The long{term behaviour of solar activity is most obvious in the occurrence of grand minima, as re{discovered in 1977 by Eddy 5] . There estimates of grand epoches of solar activity, resting on analysis of geophysical proxy data, actually 14 C records, were also presented. Since then many authors have been referred to such proxy data as an indicator for the long{term behaviour of solar activity 2, 18, 19, 21] . It has also been taken as a basis for modelling the time series of annual mean sunspot numbers including the modelling of grand minima. The underlying physical assumptions of these models are quite di erent; e.g. some kind of resonance (Barnes et al. 1] ), intermittency of nonlinear dynamics (Platt et al. 14] , Kremliovsky 9] ), or chaotic motion on a strange attractor (Weiss 26] , Feudel et al. 7] ). To verify these models, it is necessary to have su cient data available. Otherwise the models remain rather speculative, because the time series of annual mean sunspot numbers is too short to compare with the long{term behaviour of the models. Therefore, the purpose of this letter is to identify indicators for such grand minima also in the past. For this, we introduce a special method of data analysis for 14 C records. 1 First, the historical sunspot observations are summarized. Then our method to estimate a longer and denser record as that of Eddy is described. In the following, our ndings are discussed and related to other results. Next, the frequency distribution of the extensions of the estimated grand minima is taken as a basis to compare with the models, esp. that of Barnes et al. 1] . Finally, the nature of the occurrence of grand minima is discussed, and some comments concerning the method and the reliability of our results are given.
Historical sunspot observations and grand minima
In the pre{telescopic era before AD 1609, several hundred observations of sunspots have been recorded, as compiled by Wittmann 27 ]. An analysis of the annual mean sunspot number in the following period has been done by Eddy 5] . As the main result a quite strong evidence has been found for the occurrence of grand minima, i.e. times with a strongly suppressed solar activity. The Wittmann data of observed sunspots before AD 1000 are shown in g. 2. It can be assumed that in pre{telescopic times the observation of sunspots had been possible only in times close to a well{expressed maximum of solar activity, because in a minimum epoch sunspots visible by naked eye are rather unlikely 27].
The locations of grand minima as derived by K rivsk y 10] from the Wittmann data after AD 1000 are also shown in g. C record is a composition of several overlapping records measured from tree rings ( g. 1). It extends from 7199 BC to AD 1900 and contains of 1601 points with a mean temporal distance of 5.68 years. 1 The lower limit has been added from the Wittmann data. 2 The upper limit has been added from the Eddy data. 
Preprocessing
Due to these in uences, the 14 C record is rather non{stationary. As the sunspot observations indicate, the long{term solar variability expressed by grand minima seems to act on a shorter timescale as several geophysical inuences which make the time series non{stationary. To reconstruct a record of hypothetical minima, a basic requirement is to lter out those long{term variations. By comparison of several methods, like moving average ltering with weighted coe cients, global polynomial subtraction (both 24]), and nonlinear inverse ltering by the methods of Broomhead et al. 3], the following method appeared to be most appropriate:
i) The points before 5884 BC have been removed due to a too low sampling rate and a lack of stationarity, also the points after 1886 due to the Suess e ect.
ii) To make the time series equally spaced and to increase the reliability of the data points, we average consecutive points with a binsize of 5 yr. The remaining small gaps are lled by linear interpolation.
iii) To remove large{scale e ects from the geomagnetic eld and oceanic dynamics, we lter the record by a local polynomial approximation of order D = 2:
(
The coe cients a j are tted locally to L = 41 consecutive points by mini-3 mizing the root{mean{square deviation. The advantage of this ltering to other methods, e.g. the subtraction of a globally tted polynomial 18], is that the record becomes nearly stationary.
It is important to note that after this preprocessing the signi cant periods smaller than 500 years obtained by harmonic analysis, especially the 209{year period 4], remain unchanged 17] ( g. 4).
The ltered record is shown in the bottom line of g. 2.
The estimation procedure
To determine the grand epoches of suppressed solar activity, we assume that these are characterized by a signi cant increase of the 14 C concentrations relative to their neighborhood in time. This is based on the well{known fact that the 14 C concentration is inversely correlated to solar activity 21]. By that the following characteristic function is constructed:
The parameter s is chosen as s = 6, such that a positive deviation of the mean concentration lasting at least over 30 years to both sides of the point X t is indicated by the characteristic function Y t . Under the assumption that a grand minimum stretches at least over two Schwabe cycles, all intervals with Y t = 1 shorter than 25 years are removed. The parameter l is nally adjusted to l = 1:12, such that the estimates of the grand minima after AD 1000 (which are indicated by Y t = 1) do correspond in average best with the historical minima after AD 1000. The stability of this procedure against parameter variations will be discussed in section 6. The resulting estimates Y t for hypothetical minima are shifted by 25 years to compensate for the residence time of 14 C in the atmosphere ( g. 2). 4 Result Surprisingly, the application of this rather simple method combined with the special ltering described above leads indeed to a quite good determination of grand minima:
i) The examination of g. 2.b shows that the record Y t is in quite good accordance with the historical data after AD 1000. Several boundaries of the estimates simultaniously match (i.e. within the accuracy of the 14 C record of 5 yr) with the boundaries of the grand minima. This is worth mentioning, because due to the global nature of the ltering procedure and the large residence time of 14 C in the atmosphere resp. dilution e ects this result was not to be expected necessarily.
ii) Before AD 850 there is no contradiction to any observed sunspot; the estimated epoches of grand minima do always fall into periods where no sunspots were reported. Note that this was not taken into account for the development of the estimation procedure. 4 Since the coincidence with historical data is quite good, we regard the estimates of such events before AD 1000 as hypothetical grand minima. This is the crucial step, which will be further discussed in the last section.
As a result we yield 29 hypothetical grand minima and the 5 historical ones by examination of the radiocarbon data. The mean extension for all minima is 61 years , the shortest one being 30 years long and the largest one 135 years. The mean extension of the gaps between minima, i.e. eras of high activity, follows to be 166 years. Their durations as well as their succession in time seem to be random.
In the top line of g. 2 the estimates of Eddy 5] are marked. The minima of Eddy are well included in our result, aside from some overlapping which may be caused by Eddy's use of a di erent method (see also g. 2.a for the time before 500 BC). 5 The method of recurrence rate
To back up the results, we use a method from nonlinear time series analysis, the method of recurrence rate 11].
This method is a derivation from the graphical tool of recurrence plots, introduced by Koebbe and Mayer{Kress 8] to study rather short and/or erratic time series which are typical in geophysical measurements. By this method it is possible to investigate transient phenomena and local dynamics. In the case of short and erratic time series, like the present case of the 14 C record, the conventional methods to reconstruct the dynamics of nonlinear systems, such as determinations of Lyapunov exponents and fractal dimensions, do not give reliable results.
To calculate the recurrence rate, rstly the (one{dimensional) time series X t has to be embedded in a higher dimensional phase space by the well{ known embedding technique of Takens (cf. Ott et al. 13]), yielding vectors X t = (X t ; X t? ; : : : ; X t? (d?1) ). Then the recurrence rate is de ned as (with the Heaviside step function ), i.e. R i (r) is the normalized number of vectors which are closer than a distance r to the xed vectorX i . This procedure is similar to the calculation of the pointwise dimension of a fractal set (cf. Ott et al. 13]), but here a scaling of R i (r) depending on r is not studied. The parameter r is xed and usually chosen to be of 10 % of the phase space diameter, i.e. the largest distance of points in this reconstructed phase space. The recurrence rate of the ltered 14 C record for embedding dimension d = 3 and delay time = 2 for the whole time range is also shown in g. 2. It shows a signi cant decrease during the occurrence of grand minima. Therefore, at these times the trajectory is leaving the bounded region in phase space where it is restricted to in the case of high activity. 6
Also in the time before AD 1000 a relationship between recurrence rate and solar activity is visible. However, the recurrence rate alone is not a su cient method to reconstruct grand minima exactly, but it leads to other useful observations ( g. 2.b):
i) The recurrence rate is far from being periodic, which is backing the observation of erratic succession of grand minima in time.
ii) In the near vicinity of single sunspot events (only very large spots or groups could be seen in the pre{telescopic era) in the time from 466 BC until AD 188, the recurrence rate is on a high level or even shows a sharp peak. This is strengthening the assumption that the dynamics of the solar activity can be investigated by using the 14 C record as proxy data also for earlier times.
Test of models
From the above arguments we have rather good indications to regard the 34 events found by our technique as grand minima. Hence, we have a larger record of minima for comparison with models, e. g. via the histogram of the extensions of single minima ( g. 3.a.).
The choice of the parameter l followed, as mentioned above, from the optimal coincidence of the numbers and boundaries of the historical minima with the estimates. A closer analysis of the dependence of these quantities from a variable l (at xed s) reveals that for l = 0:0 : : : 1:2 the boundaries do only slightly change and the number of minima after 500 BC remains constant. Only for higher l some minima would just disappear. The same is true, respectively, for varying s = 3 : : : 6 (at xed l = 1:12). Especially, the shapes of the histograms do only slightly change as well, i.e. the histograms are quite robust against parameter variations. Hence, it seems to be appropriate to calculate an \averaged histogram" to make the shape of the histogram of still a few data points ( g. 3.a) more trustworthy; Fig. 3 .b shows such an averaged histogram for l = 0:0 : : : 1:2; s = 6.
As known to us the best model to describe the record of annual mean sunspot numbers is the model of Barnes et al. 1] . This model is | besides a nonlinear 'rise/fall correction' which has no in uence on time scales considered here | of a linear stochastic type. The short{term behaviour of the Wolf series is modeled quite good 1]. The characteristic of this model is that in spite of its simplicity its long{term behaviour contains large epoches with strongly suppressed sunspot number. The reason for that is that the system is driven with parameter values near a resonance.
As a rst attempt to test this model, a calculated record of 2 10 5 years is investigated. First, it is necessary to de ne what a grand minimum in the model time series should be: If at least 25 consecutive data points (the spacing of the data points is equivalent to one year) have a value below a certain limit value, they are treated as a grand minimum of the model time series. This de nition is consistent with the de nition of a grand minimum in the estimation procedure above. The limit value has been chosen as to yield 7 7 About the origin of grand minima From the value of 4.38 minima per millenium for l = 1:12; s = 6, it follows immediatly that the mean spacing between subsequent minima is about est = 228 yr. It is, however, important to note, that the succession of minima in time appears randomly. The value of est is larger than the well{known 209{yr periodicity inherent the 14 C data. In a similar context such a discrepancy has already been mentioned by Sonett 18] ; there the narrowband{ ltered 14 C record shows 34 peaks and troughs, i.e. a similar inter{peak spacing of Sonett = 235 yr. However, as mentioned above, there is some kind of freedom for the choice of the parameter l between 0.0 and 1.2. For example, for l = 0:0, eight additional minima arise, resulting in a mean spacing of = 183 yr. So the mean value is about est = 206 yr, weakening the discrepancy.
To test the hypothesis that the grand minima are driven by the periodicities inherent in the 14 C record, an autoregressive model (AR{model) has been tted to the data. An AR{model is a basic process in linear stochastic modelling of time series analysis. The corresponding data have the same autocorrelation function (resp. the same power spectrum) as the data to which the model is tted. It is a linear stochastic process of the form 15]
where e t is a stochastic term from a normal distribution, and a i are real numbers. By the standard criteria (Partial ACF, AIC, residual variance 15]) for our 14 C record the optimal order has been found to be p = 75. This is a rather high value, but it ensures that the AR model data has the same power spectrum as the 14 C record, which contains a large number of signi cant frequencies 18, 24] . The corresponding power spectrum following from the AR{coe cients 15] is shown in g. 4.
The most dominant peak is the 209 yr period. C data. It should be noted here that the succession of the minima in time appears randomly also for the AR{model data. On the rst sight this is surprising, since the main property of the AR{model is the 209 yr periodicity underlying the stochasticity, as can be seen also from the power spectrum of g. 4. However, the large variance of the noise in the 14 C record resp. of the AR{model makes the succession of grand minima appear randomly. Despite this fact, however, calculating the mean spacing of these minima, indeed one yields AR = 207 yr, which is very close to the expected value.
The validity of the AR{model is limited by the fact that dynamical behaviour of nonlinear origin which does not a ect the power spectrum but only spectra of higher order (so called \polyspectra", cf. Priestley 16] ), cannot be re ected by this kind of model. That this is indeed the case for the 14 C record has been shown by the method of surrogate data 23]. Because it is still not clear if or how the nonlinearity inherent in the 14 C record is a direct consequence of a nonlinear{behaving solar activity, the detailed results of this investigations (as given elsewhere 11, 17, 24]) is not considered here. However, the similarity of the histograms and the mean spacing est gives some indication for that the series of grand minima (but not necessarily the radiocarbon record itself) can be derived from a linear stochastic process.
Comments
Our analysis method is, as already mentioned, basing on the extrapolation of the behaviour for the last 1000 years to the past, i.e. we assume that thegeneral behaviour of solar variations has not changed during the last ten thousand years. There are indeed hints that this assumption is true; the analysis of Wittmann 27 ] reveals that at least the Schwabe cycle does exist since the fth century BC, and the analysis of Miocene tree ring widths by Kurths et al. 12] shows that most of the periodicities contained in that data may be related to recent sunspot variations.
Linear stochastic models for the proxy data lead to a correct shape for the histogram of the extensions of the grand minima and to a similar spacing between subsequent minima. Therefore, linear stochastic models also might be adequate to describe the long{term dynamical behaviour of solar activity, i.e. the succession of grand minima in time. They are also able to describe the fact that the succession in time appears randomly, which is in no contradiction to the well{known 209 yr periodicity, as could be shown above. It is therefore not necessary to model the long{term behaviour by chaotic or intermittent models. To clear whether or not a linear stochastic model is su cient also for a proper description of the kind of \randomness" in the dynamics of grand minima, further analysis using nonlinear methods, e.g. the application of symbolic dynamics, is in order. This will be done in a forthcoming paper 25] .
